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Long-Time Tails of the Green—Kubo
Integrands for a Binary Mixture
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The long-time tails for the mutual diffusion coefficient, the thermal diffusivity,
the thermal conductivity, and the shear and longitudinal viscosities (from which
the tail of the bulk viscosity can be calculated) of a nonreactive binary mixture
are calculated from mode-coupling theory, and compared with a prior calcula-
tion by Pomeau. Three different choices of the thermal forces and currents are
considered, with the results found to take their simplest form in the case of the
de Groot “double-primed set.” The decompositions into the kinetic, potential,
and cross terms are given.
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hydrodynamic modes; binary mixture.

1. INTRODUCTION

During a visit at the Los Alamos National Laboratory in the summer of
1984, J.J. Erpenbeck asked me to consider extending the mode-coupling
calculations by Ernst et al.'") of the long-time tails of the transport correla-
tion functions for a pure fluid to the case of a binary mixture, for which he
was beginning to undertake some molecular dynamics calculations. 1 soon
became aware of the paper by Pomeau® reporting similar calculations
within the framework of the Landau-Placzek theory. Unfortunately,
however, it also soon became clear that that paper, although correct in the
large, contained so many apparently typographical errors in the relevant
formulas as to necessitate careful recalculation before the results could
safely be used. The results of such a recalculation, based on the mode-
coupling formalism, are presented here. In addition to the corrected results
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being of some interest in their own right, the results for the hydrodynamic
modes of the mixture may be useful in other connections. The decomposi-
tion of the asymptotic time correlation functions into their kinetic, poten-
tial, and cross terms (omitted in ref. 2) is also given, since that is sometimes
of interest in comparing with the results from molecular dynamics studies.
Finally, careful attention is given to three alternative choices of the thermal
forces and currents. For one of these, the “double-primed set” given by de
Groot,® the results take on reasonably simple form. Some of the present
results have been used in a recent paper by Erpenbeck.

The organization of the paper is as follows. The hydrodynamic
equations and the several choices of the thermal forces and currents are
given in Section 2 for a general multicomponent, nonreactive mixture, In
Section 3 the microscopic currents appearing in the Green—Kubo formulas
are discussed for each of the force-current choices, and the mode-coupling
formalism of Ernst et al. is introduced. The equations are specialized to the
case of a binary mixture in Section4, and the hydrodynamic modes
required for use in the mode-coupling formulas are calculated. The long-
time tails are calculated in Section 5 for the mutual diffusion coefficient, in
Section 6 for the thermal diffusivity, in Section 7 for the thermal conduc-
tivity, Section 8 for the shear viscosity, and in Section 9 for the longitudinal
viscosity. Some calculational details are relegated to two appendices.

2. HYDRODYNAMIC EQUATIONS

The system initially considered here is a d-dimensional fluid consisting
of n, chemically nonreactive species of particles in the absence of external
forces. The hydrodynamic equations used here are mostly those of de
Groot (ref. 3, §§42-44).

The equation of continuity for species a is

dp
Fa_ _y.
y PaVa

with ¢ denoting the time, p, and v, the mass density and flow velocity,
respectively, of species a4, and V the d-dimensional gradient operator.
Summing over all n, species leads to the overall equation of continuity

dp
- _ _ . 1
i pV-v (1)

in which p=3" p, is the overall mass density,

1
V==Y p.v, 2)
P%p
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is the barycentric average flow velocity, and

d 0
a-attY

is the substantive time derivative. With the introduction of the mass
fractions

W, =palP
then Egs. (1) and (2) lead to
dw
2= _V. 3
P ="V 3)
with
Jo=puv,—V) 4)

denoting the barycentric diffusion current of species a.
The equation of motion is

dv
—=-V-P 5
> (5)

in which P is the pressure tensor.
The entropy transport equation is

d
po= -V o, (6)

in which s is the specific entropy, J; the entropy current, and o, the rate
of irreversible entropy production. It is convenient to write the latter as the
sum 6,=0r+0, of a contribution ¢, from thermal transport processes
and another o, from viscous processes.

Under the assumption of local equilibrium, p, s, and any #,— 1 of the
mass fractions, say {w,,a=1,2,..,n,~1}, may be regarded as a set of
independent intensive thermodynamic variables specifying all other inten-
sive thermodynamic field variables. Together with the flow velocity v they
determine the hydrodynamic state. Equations (1), (3), (5), and (6) form a
complete set of n, 4 d+ 1 nonlinear partial differential equations for those
hydrodynamic field variables, provided that the diffusion currents J,, the
entropy current J, the pressure tensor P, and the entropy productions ¢,
and g, can be expressed in terms of the field variables.
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2.1. Linear Phenomenological Relations

In the thermodynamics of irreversible processes it is postulated that
the needed additional relations take the form of a linear dependence of the
currents and the pressure tensor on the gradients of the field variables. For
the pressure tensor the standard Newtonian form is

P=p1—n[Vv+(Vv)*]+(§ln—c) Vv

in which p denotes the scalar pressure, 1 the d-dimensional unit tensor, 5
and { the coefficients of shear and bulk viscosity, respectively, and (Vv)'
the transpose of the dyadic tensor Vv. The corresponding entropy produc-
tion is

onz%{n[Vv—k (V)] ——<§111—C> (V-v) 1}: Vv

in which T denotes the thermodynamic temperature.

For better or worse, there are a number (ref. 3, §§44, 45, 52, and 53)
of ways of expressing J,, J,, and ¢, in terms of the field variables. Three
are of interest here. Following de Groot’s notation, we will refer to them
as the unprimed, primed, and double-primed sets. They all use the same
diffusion currents and thermal “force,” but they differ in their “heat
current” and diffusion “forces.” As a result, there are corresponding
differences in the “thermal conductivities” and “thermal diffusivities.” Thus,
there is no little confusion in the literature regarding the meaning of the
latter terms.

2.1.7. Unprimed Currents and Forces. In the unprimed
system of currents and forces, the entropy current is written as

13 (3T wd.) ™
in which p, is the specific chemical potential of species a, and J, is the
“heat current.” The “forces” are

X,=—(1/T)VT=-VInT
X,==TV(u,/T)
and the linear relations are

J,=L,X,+Y L,X

a

Ja = LauXu + Z LabXb
b
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The coefficients are not all independent, being constrained (ref. 3, §§45, 46)
by the Onsager relations

LauzLuaa Laszba (8)

as well as the summation conditions
ZLauzoa zLabZO (9)

The thermal entropy production is

1
JT=—];<Jq'Xu+ZJa'Xa> (10)

The requirement that this be positive definite for any values of the forces
leads (ref. 3, §46) to additional constraints on the phenomenological coef-
ficients, namely

L,=20
L,.=0
LuuLaa - Lia > 0

LaaLbb - Ltzzb > 0

(11)

As noted by Erpenbeck,® this set of forces and currents is particularly
convenient for molecular dynamics calculations of the Green-Kubo time
correlation functions.

2.1.2. Single-Primed Currents and Forces. In this system
(ref. 3, §52.1), the entropy current is written as

1
Jo==J; (12)

while the diffusion currents are the same as in the unprimed set,
J,=J,

Comparing Egs. (7) and (12), we see that
J,=3,-> pJ,

The requirement that the entropy production have the same form as in

822/57/3-4-17
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Eq. (10), except with single-primed currents and forces replacing the
unprimed ones, then leads to the single-primed forces

u

1
X,=X,=—-=VT
“ T
X;:Xa—i_tuaxu: _Viua

Note that the single-primed diffusion force 1s just the negative gradient of
the chemical potential. The single-primed linear phenomenological rela-
tions are

I, =L, X, +Y L,.X,

(13)
Jo=Lo X, +) LX),
b

The connections between the single-primed and the unprimed coefficients
are easily found to be

L:mzlfuu_2 Z Lua:ua +Z Z Lablu’a”b
a a b
L;azLua—z Lab#b (14)
b

L:zb = Lab

with constraints analogous to Egs. (8), (9), and (11). This single-primed
systemn is the one used by Pomeau.”®» We use it here in order to be able to
compare with his results, and also because it appears to be the most
convenient one for the calculation of the hydrodynamic modes.

2.1.3. Double-Primed Currents and Forces. In this system
(ref. 3, §52.I1), the entropy current is written as

|
JS:?<J;’+Z Ts, J,’,’) (15)

with s, denoting the partial specific entropy of species a. The diffusion
currents are again the same as before,

Jo=J.=J,
Comparing Eqgs. (15) and (7), it is seen that
J(’,’=Jq—z h,J,
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with /1, denoting the partial specific enthalpy of species a. The entropy
production is again of the same form as Eq. (10), but with the double-
primed currents and forces replacing the unprimed ones. The forces are

1
X/=X,=X,=—=VT
T

X:zl = Xa + haXu = —(Vtua+SaVT)

( )p w,
N - E
,{ b}

the double-primed diffusion force is often written as

ou
1 | Yy, — [ 2L T|=-v
Xa |:V.ua <6T>p,{w[,} V :l THa

The quantity on the right side is sometimes called the “isothermal gradient”
of u,, since it is the part of the gradient not due to the temperature
gradient. The linear phenomenological relations are

Since

3y =LuX[+Y LLX;

V= LLX[+ Y LuX;
b

The connections of the coefficients to the unprimed ones are

LZu:Luu_z Z Luaha+z Z Labhahb

a b

L;’azLua—Z Labhb (16)
b

"
Lab = Lab

The Onsager relations, summation conditions, and positivity conditions are
identical in form to those for the unprimed set, Egs. (8), (9), and (11). This
system is of interest here in that in it the mode-coupling results for the
long-time tails of the time correlation functions in the Green-Kubo
formulas for the linear phenomenological coefficients take their simplest
form.
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3. GREEN-KUBO AND MODE-COUPLING FORMULAS

The Green-Kubo formula, expressing a transport coefficient L, ,, in
terms of an integral over the corresponding time correlation function
P 0,(1), has the general form

Luw=B [ pun() i (17)

with f=1/ky T, kg denoting the Boltzmann constant, and with the time
correlation function being an equilibrium ensemble average of a product of
two microscopic currents,

1
Pz = tlim = (£, (0) £2(1)) (18)

Here o, and o, are u, a, or b in the case of the thermal transport coef-
ficients L,,, L,,, and L,,, and can both be taken equal to # if we adopt
the notation n = L,,. The currents are functions of the mechanical phase
variables of the particles. The notation £ (0) means that the current is
evaluated for a given “initial” phase, while £, (7) indicates that the current
is evaluated for the phase corresponding to the dynamical evolution of the
system for a time ¢ starting from the “initial” phase. The (...} denotes a
grand canonical average (i.e., for fixed values of the volume ¥ of the
system, the chemical potentials, and the temperature) over the “initial”
phase, as specified by the numbers N, of particles of each species, the posi-
tions r;, and the momenta p, of the particles, i =1, 2,..., 3, N,. Indices i, j,...
designate particles, while indices a, b,... designate species. In Eq. (18), t-lim
signals the necessity of taking the thermodynamic limit (¥ — oo at constant
T and {u,}) prior to doing the infinite-time integral in Eq. (17). The t-lim
notation will be omitted in the sequel.

For some purposes it is desirable to separate the microscopic currents
#, into kinetic contributions #*) and potential contributions ¢, e.g,

Iun=I+IE

Equations (17) and (18) can then be similarly decomposed into

_ KK) Kg) K
Lmocz - ngtlaz + qucfz + Lgc?az) + L(Ec?gz)
(AB « (AB)
LR =B | ol dr

PUD) =T, < IEN0) £ LX)

Parer(1) = pSN0) + p K1) + p 42N ) + p22N0)
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in which 4 and B are K or ¢. Finally, in the case of the thermal transport
processes and depending on which set of forces and currents is under con-
sideration, the time correlation functions and microscopic currents may
appear in their unprimed versions, as above, or in their single-primed (e.g.,
Piioys Pal) () or double-primed versions.

It seems to be an unfortunate fact that no single reference in the
literature is a completely reliable source for the formulas for the currents
#, for a mixture. In addition to outright errors and misprints, confusion
can arise due to the various possible choices of forces and currents. The
following subsection gives what I believe to be the correct formulas for the
primed choice. In Section 3.2 those formulas are transcribed into the
unprimed set for subsequent use.

The microscopic currents for the viscosity coefficients are of course
unaffected by the choice of the diffusion and thermal forces and currents.
The expressions given by Steele® and by Zubarev(® for the shear viscosity
can be shown to be equivalent to

F=T, (19)
in which T, is the xy component of the dyadic tensor
1 ’
T=Y My = Yy e, Vi, (20)
i i j

The mass of particle i is denoted by m;, and depends on its species. A sum
such as Y{“ denotes a sum over particles of species a only, while ¥,
indicates a sum over all particles of all species. The relative position r, —r,
is abbreviated as r;. The potential energy of the system is assumed to be
pairwise additive, with ¢, denoting the interparticle potential energy of
particles 7 and j; it of course depends on their respective species identities.
The gradient with respect to r; is denoted by V,. The prime on the sum
over j indicates the usual omission of the self-interaction term j=i. It
should be noted that these expressions are identical to those for a pure
fluid in ref. 1, the only difference being that here the mass of particle i
depends upon its species identity. The Green-Kubo formula for # in
Eq. (4.3d) of ref. 2 appears to be equivalent to that used here, providing
that the factor "' in the former is replaced by (d— 1)~

Following ref. 1, it will be convenient to write the Green-Kubo for-
mulas for the longitudinal viscosity D,=[2(d— 1) y/d +{]/p in the form

D1=£— |7 ot

1
pi(1) =5, <A(0) £i(0))
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so that the correlation functions for the three viscosities are related by

Ad—1)
d

pi1) = py(2)+p (1) (21)

In the sequel, the long-time approximations for p,(t) and p,(r) will be
obtained, with the last equation then permitting the calculation of p.(z).
There is substantial agreement among Pomeau,® Zubarev,® and
McLennan'” that the appropriate Green-Kubo current in p, is

_ 04
A=TampV=(3) (= cn-3(5

a

) (M,—<{M.>) (22)

in which # =3, ¢, is the Hamiltonian function, with e = (# »/V denoting
the equilibrium internal energy density, and

=%mv += Z b, (23)

is the energy of particle i. The quantity M,=m,N,=3"'“ m, is the mass of
species a, and p,=(M,»/V. Finally, in Eq.(22), p is the equilibrium
pressure, regarded as a function of e and p,, a=1, 2,.., n,.

3.1. Single-Primed Microscopic Currents

Green® has given formulas for the single-primed Green—Kubo
currents. The form of his equations is quite different from that used here;
but, with use of the conservation of momentum along any given dynamical
trajectory, his results for the thermal transport coefficients can be put into
the form of Eqgs. (17) and (18) with currents

f;=fax
fu ux

Here J,. and J/, denote the x components of the vectors J, and J/, given
by

(24)

a
Z — W, Z m;v;
i

-2 Ha (25)

|I
Lo

|I

;<ev ——Z r, Vi, ,»)—hzi:m,»vi
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and £ is the macroscopic specific enthalpy of the system. Comparing these
currents with those in Eqs. (4.4) of ref 2, it appears that the diffusion
currents are equivalent; but Pomeau’s heat current apparently contains
several misprints, and it is not clear if it is intended to be the same as that
used here.

3.2. Unprimed Microscopic Currents

If Egs. (14) are solved to express the unprimed coefficients L, ,, in
terms of the single-primed coefficients L. ., and if the latter are then
expressed in terms of the primed currents #, by means of Egs. (17) and
(18), one can identify the unprimed microscopic currents as

= Fo=Ju

. (26)
ju:f;—i'_z#aj;:]ux
with use also of Egs. (24) and (25). These relations can be shown to be
equivalent to those given by Zubarev,® taking into account that he uses
VT ! for the thermal force instead of —Vin T.

3.3. Mode-Coupling Formula
Ernst et al.'V) have derived the mode-coupling formula
1 dk
)3 | e 2 Lo 0 R0 (—k) (k) £
xexp{[z(k)+z, (k)] t} 27)

in the limit of an infinite system. The quantities a,(k) are the microscopic
hydrodynamic eigenmodes, to be calculated in Section 4. They depend on
the microscopic phase variables {r,} and {p,} and on the d-dimensional
Fourier wave vector k, and are enumerated by the index u. The double sum
is over all ordered pairs of these modes. The z,(k) are the corresponding
eigenvalues. The integral is over the infinite d-dimensional Fourier space.
The [ f(k), g(k’)] inner product is defined by

5y

1
L/ k), g(k')]=; <flk)* g(k')) (28)

for a finite system, with the asterisk denoting the complex conjugate.
Translational invariance leads to the property

Lf(k), g(k')]=[f(k), g(k)] Su:
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for microscopic functions f and g of the type considered here, with §,,.
denoting the d-dimensional Kronecker delta function.

The validity of Eq.(27) requires that the following conditions be
satisfied by the hydrodynamic modes and the microscopic currents:

1. The modes must be orthonormal in the sense of the inner product
of Eq. (28), ie.

La,(k), a,(k)]=0,, (29)

with &, being the usual one-dimensional Kronecker delta function.
2. The currents must be orthogonal to the modes,

[Za,k)]=0 (30)
3. The currents must have vanishing equilibrium values,

(A4, 1]1=0 (31)

4. HYDRODYNAMIC MODES

4.1. Specialization to a Binary Mixture, Linearization, and
Fourier Transformation

The discussion to this point has considered a general n,-component
mixture. For the binary (n,=2) case, the linear relations of Egs. (13)
reduce, with the aid of the primed versions of the reciprocal and summa-
tion relations (8) and (9), as well as the relation J, +J,=0 [as follows
from Egs. (2) and (4)], to

1
di=di= Ly Vi—Z LLVT

1

using the notation ji = u, — u,. Equations (14) and (16) become
Liw=Ly—2Ly i+ Ly 12
w=Ly, =LA (32)
n=1Ly
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and

L' =L, —2L, h+ L,k

Li, =L, — Lyh (33)
Liy=Ly
with A=h, —h, = fi — Tjir.

With use of Eq. (12) and the abbreviation w=w,, the hydrodynamic
field equations now become

dp
SN v 28
a7
dw ,
PE" =V
y : (34)
S ’ ’
pTE= —V'Jq-f-?Jq'VT—FTO'
dv
2 _V-P
pdz

At this point it is appropriate to compare these equations with those
of Pomeau [ref. 2, Eqs. (2.5)]. There appears to be substantial agreement
if we make the identifications Lj; =D, L{,=D,, and L,,=k«, except for
several apparent misprints, and except for his omission of the last two
terms in the equation for ds/dr. The latter has no consequences in the
subsequent analysis, as those terms disappear when the equations are
linearized.

The next step is the “acoustic” linearization of the equations, in which
the nonequilibrium state of the fluid is considered to be a small perturba-
tion on a spatially uniform, time-independent equilibrium state in which
the fluid is at rest. The local flow velocity v, the deviations dp =p — p,,
ow=w—wy, ds=5—S5,, etc., of the thermodynamic functions from their
unperturbed values (the latter denoted temporarily by the subscript zero),
and all spatial and temporal gradients of the field quantities are treated as
small (“first-order”) quantities; products of two or more of them are
neglected. As a result, the substantive derivative d/dt reduces to the partial
derivative d/0t, and the transport coefficients appearing to the right of the
gradient operators in Eqs. (34) can be taken to the left. With the subscript
zeros now dropped, so that from this point all field quantities except v
appearing in the equations refer to the unperturbed state, the hydro-
dynamic equations become
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dop
L,V
a Py
w o Lo,
=LV o+ = V? 0T
00s 5 en Limon
i uu T

pT P L, V? i+ T V2o
i d—2
p5:_= —V5p+17V2V+<———d—i1+C>VV-v

Now a d-dimensional Fourier transformation (under the usual
assumption of a finite periodic system, or an infinite system in which the
perturbations vanish sufficiently rapidly at infinity) gives, with

p(t)= J dr op(r, t)exp(—ik-r)

(35)

etc., the system of d + 3 ordinary differential equations

%z —pik - vy
%‘;_k= —';;l_lkzﬂk* p,lTu szk
%“: —%kpk—%kzvk—%<%zr]+c> kk - v,

for the time dependence of the Fourier components of the 4 velocity com-
ponents and the three thermodynamic variables p, w, and 5. Actually, the
Fourier components of six thermodynamic quantities (4, 7, and p, in
addition to the first three) appear, any three of which can be taken to be
independent in the thermodynamic sense.

With the choice of w, p,

and s for this purpose, standard thermo-

dynamic calculations lead to the following expressions for the other

Fourier components:

1 24 ox( . PCy
Pe== D+ =+~ fir——Lf, ) w

c cp c, Vi
i Lxf Ty . i
#k=<ﬂp“_T> xt TSk+(ﬂw+——T> Wi

Cp P cp
T T/

Tkz_ipk—*-c_sk—'— CHT‘Wk

P
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In these equations the notation is mostly that of ref 2; ¢ denotes the
adiabatic sound speed, ¢*=(dp/dp)..,; ¢, is the constant-pressure specific
heat capacity; y= —aT = (T/p)dp/0T),,, with o denoting the usual
thermal expansion coefficient. The subscripts p, 7, and w on ji denote
the corresponding partial derivatives with the other two variables held
constant.

The system of differential equations with constant coefficients (all
evaluated in the unperturbed state) now becomes

dj

%:kZ(A3pk+A4sk+A5wk)—pc2ik'vk

dSk kz ’

E: _;(Alpk—}_AsSk—q—Aka)

awy k? (o)
= ——p—(Azpk+A;sk+Awwk)

dv 1 d-—2

E'f= —E|:ikpk+nk2vk+(7n+é>kk'vk]

Here the abbreviations

1 . L,
A5:;‘<L/1u,u]“+ T)

P
7 1 ’ A !
As=— (L Tir+Ly,)
€p (37)
A, =frds+ L 4,

A;vz i As+—1_u Aw
Hr T H

follow the notation in ref. 2, and in addition we use

4= (Liut, 2 4,)
A2=—p"—TA;+L;1ﬁ,,
L opec, .
.uzllT_—X_/‘p

CZ
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2
C

Ay =" (A, +i4,)
c[’

2
4
As=5=(4,+ 1)

4

The normal modes of this system of ordinary differential equations with
constant coefficients constitute the macroscopic hydrodynamic modes of
the physical system.

4.2. Macroscopic Hydrodynamic Modes

In matrix form the system (36) becomes

dB(1)
—=MB() (38)

in terms of the (d+ 3)-dimensional column vector

B(t) - [pk(t)a Sk(t)a Wk(l)’ vk(t) - R, vk(t) - EJ.I"": vk(t) - EJ.,d—— 1]+

and the matrix (written out here for the d=3 case)

A,k? 4,k7 A5k? —ikpc? 0 0
—4,Kp —AKp —AKp 0 0 0 '
M = —A,kp —Ak*p —A,kp 0 0 0 (39)
_ik/p 0 0 DK 0 0
0 0 0 0 —vk? 0
0 0 0 0 0 —vk?

in which K is the unit vector in the direction of k, and k ;, i=1,2,..,d—1,
is a set of mutually perpendicular unit vectors transverse to k. The
kinematic viscosity is v =rn/p.

Let w, and ¢, i=1, 2,.., d+ 3, be, respectively, a set of left (row) and
right (column) eigenvectors of M with corresponding eigenvalues z;, so
that

y,M=zy, and Mé,=z,9; (40)

It will be later verified that these eigenvectors can be chosen to form a
normalized biorthogonal system such that

‘I’t¢j=5g and Z dw,=1 (41)
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in which 1 is the {d+ 3)-dimensional unit matrix. The solution of Eq. (38)
for given initial data B(0) is then

B(1) =2 ¢,w;B(0) exp(z;)
In terms of the macroscopic normal modes, defined by
A,=¢,y,B (42)
the solution can be written simply as
B(1) =Y A1)

with

A(t)=A(0)exp(z;1)

It should be mentioned that the field vector B, the matrix M, the
eigenvectors y; and ¢,, and the normal modes A, all depend on k, even
though the dependence is not explicitly denoted. Evidently the next step in
the calculation of the normal modes is the determination of the eigen-
vectors and eigenvalues of M. Inspection of Eq. (39) reveals that M is
block diagonal in the d—1- transverse directions, corresponding to the
shear modes denoted (for i=1,2,...,d~—1) by

z,,= —vk*
Y= ‘bL =u,;
A=V Rud’u

with u; denoting a {d+ 3)-component row unit vector whose components
are all zero, except the (i + 4)th. As would be expected, these modes are the
same as those for a pure fluid,'" and are valid for all values of k.

With the decoupling of the shear modes, the characteristic equation
for the remaining eigenvalues becomes a quartic in z; whose coefficients are
polynomials in k& of up to degree eight. However, as shown in ref. 1, it is
sufficient for the determination of the dominant time behavior of the time
correlation functions to find the eigenvalues through O(k?) and the eigen-
vectors y; and ¢, to O(1). Accordingly, one can write

M =k(M© + M©k)
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in which M® and M are independent of k, and expand the eigenvalues

and eigenvectors as
z;=k[2{9 4+ 2k + O(k*) ]
b= + ¢k + O(k?)
W=+ Wk O(R)

In this way one finds the following results for the macroscopic

hydrodynamic modes.
Shear modes, i=1, 2,..., d— 1:

z,,= —vk?
W_Ll = d)ll = uf
A=V RJ_id)J.i

Sound modes, ¢ = +1 (with the 1 omitted in subscripts):
= —(oike + iT,k?)
wg‘:z—-u 0,0, apc, 0, 0,..)
S =1(1,0,0,0/pc,0,0,.)"
As,=as5, 00

a5y =3(pi+ opck-v,)

Diffusion modes, 0 = +1 (with the 1 omitted in subscripts):

Zpe= —N,k*/p
0) _ (na_Aw) 0.1 He — 0 0 0
\VDo' 71 _}7~ s L As

—A ¥
@) = 2,0,0,0,...
#8=(0r g 000 )

Ap,= aDo¢(0)

U !
ape=———[m, —4,) s + 4, w1
e —N-
In these equations
—1
ry=D+ 1 (L, + 2L, T+ L, T2

c, T

1

:D1+

- ¢, T i 2
Y [L;,u_zpup . (wwﬂ) Li’l]
pc, T b X

(43)

(44)

(45)
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is the acoustic damping coefficient, with y=c,/c,, and use having been
made of the thermodynamic relation y—1=y’c*/c,T. The quantities
N, 0 = T, are the roots

Ny =3(4,+4,+92"%)
of the quadratic equation
(e —d)ns—A,) =4, =n% — A+ A,)n, + 4,4, —4,4,=0  (46)
with the discriminant
D=(4,+4,) —4(4,4,—4.4)
It is not difficult to show from Egs. (32), (33), and (37) that

1 ~ ] 14
AS+AW:——f(L,’m+ 2L, Tir+ Ly T?0%) + 4, L,

CP
LII
— uu+ AWLI/
¢, T Huw Lo
and
’ ﬁw ' ’ 72 ﬁw ” ” n2
A A, — AN, =52 (L L~ L2y =22 (L LY — L7
s w s 9w CpT( 1t 1) CpT 11 1

It then follows that

L// 2 ﬁ
— MU g ” 4 w L112
9 <c T Hw 11) + Pt

4 P

Now, stability of the mixture against phase separation requires j, > 0.
This, together with the positive entropy production conditions (11), then
shows that 9, 4,4+ 4, and 4,4, — 4.4, are all positive quantities, with
2'? < A+ A4,,. Hence the roots n, are both positive, as must be the case
if the mode-coupling formula is to make sense. The following relations,
obtained in similar fashion, will also be useful in the sequel:

4,4 firds =Ly, Jc, T
4i=Li,/c,
szﬂtvL11’1+/'1TL,1,u/cp
He—d,+id/T=n,—f,L{+hL},jc, T
(e — L/, TY01, — B, LY1) = A, Liz/c, T
Ny tn_=4d,+4,
nn_=4,4,—4.4,
My —4)n_—A4,)=(n, —A4)n-—4,)= —44,

(47)
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In the terminology of ref. 1, which we follow in the sequel, the scalar
quantities a,;, ag,, and ap, are the hydrodynamic modes a, and a,
appearing in the mode-coupling formula, except that: (1) they are presently
macroscopic quantities, and so have to be translated into microscopic
phase functions, and (2) when that has been done, they must then be
normalized in the sense of Eq. (29).

4.3. Microscopic Hydrodynamic Modes

In obtaining the expressions for the microscopic hydrodynamic modes
for a binary mixture, I follow rather closely the methods used in ref. 1 for
a pure fluid. The essential step is to obtain microscopic expressions for the
various Fourier components appearing in the macroscopic modes.

4.3.1. Composition and Density Components. The usual
expression for the instantaneous fluctuation of the density of species a from

its uniform equilibrium value p,, is
(a)

Opo(r 1) = palr, 1) = pa =3, mSLx(t)—r]—p,

Recall that p, (as with other variables, such as p, p, w, s, etc.), without any
explicit indication of dependence on r and ¢, denotes the unperturbed value.
Fourier transformation as in Eq. (35) then yields
(@)
pakzz miexp(_ik'ri)_paVékO

in which V' is the constant volume of the system. Here and in the
other Fourier components to follow, the explicit notation of their time
dependence arising from the time dependence of the molecular positions
r;=r,(t) has been suppressed for the sake of brevity. The sum, as already
mentioned, is over the N, particles of species a, with N, of course being
one of the fluctuating variables in the grand canonical ensemble averages
which will follow. Summing over both species of particles (a=1, 2) gives
the Fourier component of the overall mass density as

Pk=z m;exp(—ik-r;)—pVoyo (48)
The composition variable w is the mass fraction of species 1, w(r, ¢) =
pl(ra I)/p(l', t), S0
ow(r, 1) =—(dp, —wdp)
(49)

Wy =

D= -

[%) mexp(—ik-r)—w Y miexp(—ik-r,.)jl
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4.3.2. Momentum, Velocity, and Energy Components. In
the sequel it will be convenient to express the macroscopic velocity com-
ponents v, in terms of the components g, of the macroscopic momentum
density g(r, )= p(r, t) v(r, 1). The corresponding fluctuation relation is
simply dg(r, t)=p ov(r, ¢}, since, by assumption, v=g=0 in the equi-
librium state. Thus,

1
V=" 8k (50)
p

and in microscopic form

g(r, 1))=Y mv,(t) 6[r,(t)—r]
" (51)
gk = Z m;v;exp(—ik-r;)

The local energy density is
e(r,t)= Z e;0[r{t)—r]

in which e, is the energy of particle i already defined in Eq. (23). The
ensemble average of e(r, t), assuming translational invariance, is just the
equilibrium internal energy density e = U/V = {4 >/¥, with U denoting the
equilibrium internal energy of the system. The fluctuation in the local
energy density is accordingly just de(r, t) =e(r, t) — ¢, and its Fourier com-
ponent is

e, =) e;exp(—ik-r;)— eV (52)

4.3.3. Pressure and Entropy Components. The standard ther-
modynamic relation

de=pT ds+hdp+pfidw

in which &= (e+ p)/p is again the specific enthalpy, becomes the fluctua-
tion relation

de=pT s+ hdp—+ pi dw

which allows us to express the Fourier component of the entropy fluctua-
tion as
1 h i

Sk:'p—]w‘ekfﬁpk_?wk (53)

822/57/3-4-18
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In similar fashion, the chain rule gives

Px=DPcCxt PpPx+ PuWx (54)

in which p is regarded as a function p(e, p, w), with the subscripts
indicating the usual partial derivatives.

4.3.4. Summary. In summary, Egs. (48), (49), (51), and (52)
express py, Wy, €y, and g, directly as microscopic phase functions, with
Egs. (50), (53), and (54) then giving v,, s,, and p, in the same terms. With
use of those expressions, Eqs. (43)-(45) then give the (as yet unnormalized)
hydrodynamic modes a_,, ag,, and a,, in the desired microscopic form.

4.4. Orthonormality of the Hydrodynamic Modes

The next step is the verification that the unnormalized modes a,
obtained to this point are in fact mutually orthogonal in the sense of
Eq. (29), and then to normalize them. In the following subsections the
various pairs of modes are considered seriatim.

4.4.1. Shear Modes. Using the symmetry and equipartition
({m;v?> =1/B=ky T) properties of the equilibrium velocity distribution,
one can obtain the relations

[8k: 8] Z% 1
[ge, P]=0 (33)
[8k, sk ]1=0
(8, wil=0
from which there follow
1
[ai;ay] =;)E5ij (56)

lai,as,]1=LaLsap,J=0
showing the orthogonality of these pairs of modes.

4.4.2. Sound Modes. For a pair of sound modes, Egs. {44) and
(55) give, with use also of the vanishing of [ py, g, 1,

1 2
Las.. as, 1= (Love P+ 00 25 (57)
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At this point it becomes evident that this inner product can not be exactly
zero for ¢ # ¢, since it can be anticipated that [ p,, p] will depend on £.
In fact, it will be shown that the right side of Eq. (57) does vanish to O(k?),
as will also be the case for the approximate orthogonality of the remaining
pairs of modes, Similarly, the eventual normalization of the sound and dif-
fusion modes will be correct only to O(k?). That, however, will be sufficient
for use in the calculation of the dominant time behavior of the time
correlation functions according to the mode-coupling formula.
To explore this question in more detail, consider the contribution

[ey, e 1= <<Z e,e;exp(ik - r,j)>—e V25k0>

=5 <<Z e,e;cos(k* r,»j)> - e2V25k0>
i

to [ px, px] which results when Egs. (52) and (54) are used. It is evident
that the i # j terms do not vanish, and that

Lew, ex]1=[eg, €]+ O(kz)

It appears that it is unlikely that the various O(k?) terms arising in
[Pk, Px] in this fashion will cancel, and thus we presume that likewise

[2x: Px]=[Po, Po]l+ O(K?)

and similarly for other inner products among p,, sy, wy, etc. In the sequel,
for the sake of brevity, the explicit notation of the O(k?) terms will be
omitted.

Appendix A gives, following closely the corresponding discussion in
ref. 1 for a pure fluid, the derivations of the binary inner products of the
general form [ay, by] needed here and in the sequel. With [p,, po] as
given in Eq. (A19), Eq. (57) becomes

2 pCZ

[a&,,asU«J=%(1+oa')=ﬁ6w (58)

which verifies the approximate mutual orthogonality of the sound modes.
With use of Egs. (44) and (45) and the vanishing of [g,,s,] and

[gx, wi ], the inner product of a sound mode and a diffusion mode is found
to be

[aso» aps ] :2(_’_ {1 —4.)Po> 501+ 4, [ po, wol}
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The inner products on the right side vanish, according to Eqgs. (A20), and
thus the sound and diffusion modes are mutually orthogonal.

4.4.3. Diffusion Modes. It remains to verify the orthogonality of
the diffusion modes of different index and to calculate the approximate

normalizing factor. Use of Egs. (45), (A16), (A21), and (A22) gives

ago’ Collw .y

= A . . 2 (r’a—Aw a’_Aw <P_+ )
e Rl

[aDa’ aDa‘]

~ﬂTA'w(na+naf—2Aw)+A;2]

With the aid of Eqgs. (37), (46), and (47) it can be shown that this vanishes
for ¢ #¢’, and for o = ¢’ reduces to

—od,[fA(n,—4,)—4,]
Boin(n. —n_)n,—4,)

(59)

[aDa ’ aDa] =

4.4.4. Normalized Microscopic Modes. With the aid of the
normalizing factors in Egs. (56), (58), and (59), the microscopic hydro-
dynamic modes can now be written in their final, normalized form, in the
small-wavenumber limit, as

a, (k)= (E>1/2 Eu 8o
p

1/2
sk =(5h3) (ot ock-) (60)

g

a0 (k) = A(ny—n_)

[(na—Aw) S0+A;,W0]

in which 4, = [a,,, ap,]"* as given in Eq. (59). In the sequel, the symbols
a,; ds,, and ap, will always refer to these normalized modes.

4.5. Orthogonality of the Modes and Currents

It is also necessary to assure that the various currents (including their
kinetic and potential parts) appearing in the Green-Kubo formulas are
orthogonal to the hydrodynamic modes, and that they have vanishing
equilibrium averages, as indicated in Eqs. (30) and (31). In the following
subsections these conditions will be verified for the unprimed currents.
That will be sufficient, since the time correlation functions for the other
choices can be expressed in terms of those for the unprimed case.
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4.5.1. Diffusion Current. Since # + # =0, it suffices to con-
sider only the diffusion current for species 1, which is, according to
Egs. (25), (26), and (51), # =J,, with

Ji=gl—wgo (61)
and with the additional notation
o
gg)l) = Z myv,; (62)
From the symmetry properties of the velocity distribution and of the
hydrodynamic modes, it is apparent that the diffusion current has a
vanishing average and is orthogonal to the diffusion modes. Orthogonality
with respect to the shear and sound modes follows from Eq. (55) and the
similar relation
pw

(g§", gol="p1 (63)

which lead to

[jl,go]z() (64)
4.5.2. Heat Current. The unprimed heat current, as given by
Eqs. (25) and (26), is seen to be odd in the particle velocities, so that the

condition [ £, 1] =0 is trivially satisfied, and also the orthogonality to the
diffusion modes. It will be convenient to write it in the form

juzje_hgo

o~ 1 ?
J. =Y (eiv,-—z Y Vg,

i J

) (65)
From the virial theorem and the properties of the velocity distribution it
can be shown that

1 (d+2){N>

) [go, ; ijj?Vj:l ZW

i ’ _
5[30: § ¢ijvz ﬂV<¢>
’ (66)

[g"’ 2eav|=p

1 p T 1
- 5 [goa ; rijvi¢fj’vi_ Z'B‘I;(PV— (N>kpT)

U+ kaT)
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In these equations, =43/ ; @, 1s the total interparticle potential energy of
the system, (N ) is the average number of particles in the system, and the
internal energy is U= 1d{(N) ky T+ (@ ). It then follows that

h
[3.,80]= f’ﬁ— 1 (67)

This, together with Eq. (55), shows that
[J.. 21=0 (68)

and, as a result, that the heat current is orthogonal to the shear and sound
modes.

The kinetic part of the heat current is defined in the same way as in
ref. 1, namely # % = J5) with

JO=% (% mivf—%z) (69)

in order to satisfy the orthogonality conditions. The usual parity considera-
tions then show that [J{¥), 1]=0. As before, one can show that

from which, with use also of Egs. (66), there follows [J¢¥) g,1=0, and
hence the orthogonality of the kinetic part of the heat current with respect
to the shear modes. The last result and the usual parity considerations then
show that it is also orthogonal to the sound and diffusion modes. Finally,
since g, and #® have been seen to satisfy the necessary orthogonality
conditions, it follows that the same is true of the potential part ¢ %),

4.5.3. Shear Viscosity Current. The shear viscosity current, as
given in Egs. (19) and (20), has an obvious separation into kinetic and
potential parts in the form

F= A4

(K) _ (K)_ m.v
j Z ViV (71)

1o 04,
FO =T = z x, =2
n ~ i 6}),,

Note that 7%, while even with respect to reversal of all the velocities, is
xy
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odd with respect to the reversal of (say) the x components only. Thus, it
is clear that

[T 1]— <T(K’> 0 (72)

xy ?
Similarly, T') is even with respect to a change of sign of all the coor-

dinates, but odd with respect to such a change in (say) the x coordinates
only. Thus, translational invariance leads to the desired condition

[T, 1]=3 <T$>=0 (73)
With respect to the shear modes, which are overall odd functions of
the velocities, the overall even character of both parts of the shear viscosity
current shows that the corresponding orthogonality conditions are
satisfied.
Turning to the sound modes, one has with use of Egs. (60), for A=K

or ¢,

1/2
(7 a1 =(5h) {00 T+ 0ck [0, TET)

The preceding discussion of the shear modes shows that [g,, T¢']=0,
while [ po, T$)] = 0 follows from Eq. (A17), since (T¢?) vanishes accordmg
to Egs. (72) and (73). Similarly, with use also of Egs. (A12) and (A18), one
sees that [w, T%;'] and [s,, T3] are both zero. Thus, T4, and therefore
the total vi50051ty current, are orthogonal to the dlffuswn modes as given
in Egs. (60).

4.6. Longitudinal Viscosity Current

When specialized to a binary mixture, Eq. (22) becomes

ap op op
R I O IR )
1= 1o e pl’pzo EPS emplo 20, eplpzo

_ o» &P op
“oe(52), o (57). o= ), 7

in which ty,, = T,,— pV. By the virial theorem {T,,>=pV,s0 [ %, 1]=0
is satisfied. Moreover, f,,, is a microscopic function in the sense of the
appendices, and so for any intensive thermodynamic function g,
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0 0
(4 a1 = [P, ao] — (—”) Leo, ao]— (—’i) (10, o]

Oe ap,
op )
— —_— 5 a
(0/)2 - (P20 G0
15} 15} 0
=[po, 4] —<£>p’w Leq, ao] “(é)e’w [po> aol— (a_ilm [Wo, ag]

(75)

Now suppose that a, is such that, for by = pg, €4, 010> P20> Po> OF Wy,
the inner product [a,, by] can be written as ¢(db/3¢), , for some suitable
choice of ¢, a, f, and &, the same for all the mentioned choices of b,. Then
[ #, a,] as given by either of Egs. (75) vanishes by the chain rule. In
Appendix A it 1s shown that the supposition is correct for ay=e,, o, P10,
P20, Wo» Do, and s,. In addition, [ £, g,]=0 by parity. Thus, ¢ is seen to
be orthogonal to all of the hydrodynamic modes.

4.7. Contributing Mode Pairs

As discussed in detail by Ernst et al,,'" the dominant? contributions to
the long-time behavior of the time correlation functions, as given by the
mode-coupling formula (27), arise from mode pairs (g, v) for which the
coefficient z,(k)+z,(k) in the exponential is proportional to k. From
Eqs. (43)-(45), it is evident that the pairs of modes shown in Table I, and

Table . Contributing Pairs of Modes

(Li, L)) Even Lj=12,.,d—1
(So,S—0) Even and odd o=+

(Li, Do) Odd i=1,2.,d—1;o=+
(Do, Da’) Even g, 6 =+

having the indicated parities with respect to the particle velocities, satisfy
that criterion. For any given time correlation function, symmetry con-
siderations may still result in one or more of these pairs having vanishing
contributions.

Since the hydrodynamic modes have been calculated only to O(1) in
k, the inner products in the mode-coupling formula (27) depend only on

21t should perhaps be mentioned, however, that Erpenbeck and Wood® found that retention
of some of the O(k) contributions improved the agreement between the mode-coupling
predictions and the molecular dynamics calculations of the velocity autocorrelation function
at intermediate times for small, hard-sphere systems.
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the direction k of k, and not on its magnitude. The integration over k can
accordingly be separated into a time-independent angular part Bj.* and a
time-dependent radial part R, (7):

1
pa;az(t) = 5 Z BZL“ZR#V(I)
v

a %y

BY, On )dfdﬁ[fxl,a”a 1 A a,a,]

(76)
Ryn(1) =] d k'™t exp{[z,(k) +2.(k)] 1}

1 —apr
:51"(;) (1)~

with z,(k) +z,(k)= —w,,k? and with use having been made of the fact
that the currents Z, and modes a, are real.

5. MUTUAL DIFFUSION

From the odd parity of the diffusion current # =J,, and the parities
given in Table I, one sees that the mode pairs which may contribute to the
long-time tail of the mutual diffusion coefficient are the odd parts of the
(So, S — o) pairs, and the (Li, Do) pairs.

5.1. (So, S — o) Contributions

The odd part of the product of two sound modes of opposite index is,
from Eqgs. (60),

(as.(k) aS—a(_k))oddzﬁE'gOPO (77)
pc

The corresponding inner products appearing in the mode-coupling formula
(76) are then, with use of Eq. (61)

[Jlxs (@565 5)oda —_' {[g(l) 8o Po) —w[ 8o, 8o Pol}" k

From Egs. (55), (63), and (B9) one finds

0
[go 8o Pol= ﬁ( ,Dg;/ﬂ) 1
o0/ o (78)
_P (PP
[gOagopo]-ﬁ< p >
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Thus
[jlxs (aSO'ano')odd] =O (79)

and the sound mode pairs make no contribution to the long-time tail of the
mutual diffusion coefficient.

5.2. (Li, Do) Contributions
With use of Egs. (60), one finds

[jla a ap,]= — 7 <E>1/2
n-)

Aa(r’+ - P
X {(ﬁaﬁdw)[jl’ gOSO} +Aiv[jla gOWOJ} ‘RLi
[31, oS0 = [g(()l), g0S0] —w[8o» 8oSol (80)

[j1s goWol= [gg)l), ZoWol — W[ o> 8oWol

Then, use of Egs. (55), (63), (B7), and (B8) gives?

| 59//3) fir 5PW) ]
6, ool = P 1
[g() ’g ’ ] l: ( p,w+pﬂ w( 8w B.p

1 (dp/B fr [0p
(20, BoSo] = [ﬁ <—_>p,w * pB*4,, (a)ﬂ,p] '

[gf)l), ZoWol= <apw>

(80> oWol= ( >

3 Note that it would be an error to use Eq. (B7) to write, with use also of Eq. (64),

1 o[d,, 801 _
[jla ZoWol= Boi., (T)ﬂ)y =0

The difficulty is due to the presence of the ensemble-average quantity w in J, as given in
Eq. (61), with J, consequently not having the purely microscopic character assumed for

the quantity a, in Appendix B. A similar remark applies to other ternary inner products
involving the currents.

(81)




Green-Kubo Integrands 705

Thus, Egs. (80) become

< u
[Jy, gos0]= —2—T1

B4,
~ 1
[JugoWo]:B‘iﬂ_l (82)
12
[3150_1_[‘11)(7]: '_‘Bp 1 (; “y )<§> EL[[ﬂT(”a—Aw)_AIw]

When the last result and the eigenvalues from Eqs. (43) and (45) are used
in the mode-coupling formulas (76), there results

2[fir(n,—4,)— 4,1
(4m)" dr(df2) pBan(n . —n ) 43

Lo "
Ruioe=3 F<Z>((n +1,) t) (83)

d— Z Lidn,—4,)—4,71
(11+ ) A4n(n +n,) t/p]??

with the sum over the (d— 1) shear modes and the permutation of the Li
and Do indices having been carried out in the last equation.

11 _ pl1 —
BLi,Da_ BDU,J.[_

P, Lp(l) = B

5.3. p11(t)

Since the LD terms are the only contributions to p,,(¢), and with use
of Egs. (32), (33), (46), (47), and (59), the last result can be written as

d—1
ap*i.n, —n_)
x Z 0'[1’]0 - (L;u + zﬁTTL,Iu + ﬁ%‘Tlell)/cp T]
. [4n(n+n,) t/p]1"*
= d—1 Z O'(rla_LZu/CpT)
dp*h,my —n )= [4nn+n,) 1/p]1¥*

Note that L,,=L}, =L, so that p,,=pi;=p7;. The first of
Eqs. (84) bears a general resemblance to the corresponding Eq. (4.14) in
ref. 2, but two discrepancies remain after allowing for the differences in
notation: Pomeau has a factor d in place of the factor (d— 1)/d, and the
opposite sign for the overall result.

pult) =

(84)
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5.3.1. Dilute Limit Reduction. It is to be expected that in the
limit w — 0, in which the binary mixture becomes a pure fluid of particles
of species 2, the present results for the asymptotic behavior of the time
correlation functions for the mixture should reduce to those of Ernst
et al.'V for the pure fluid. In order to verify that this is the case, it is
sufficient to assume, first, that the mixture exhibits a Henry’s law behavior
such that in this limit

. 1
uxﬁmmln w
ks
=5 nw
. 1
l’l'w ﬁm(l)w

with m'® denoting the mass of a particle of species a, and, second, that
Ly =0(w)
Llu = O(W)

Then consider the quantity

. 0. L ©
D= lim M:J (1) dt
p 0

w—0

and its corresponding time correlation function

5(t) = lim

w—=0

Bi,.p1.(1)
p

Under the above assumptions, one can show that in this dilute limit
A4, > L;m/cp T-— L,’;,,/cpT
4, - pﬁ

and also that the two roots #, of Eq. (46) approach the values L;,/c, T and
pD. Then Eq. (84) reduces to

p(r) x% [4n(v+ D) 1]~ >
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which is the familiar expression® for the long-time tail of the velocity
autocorrelation function of a pure fluid having kinematic viscosity v and
self-diffusion coefficient D.

6. THERMAL DIFFUSIVITY
The unprimed thermal diffusivity is given by the mode-coupling
formula (76) as

1
plu(t) = _2— Z Bitl\jRuv(t)

" (85)

Bl = G [ 4R ,(K) 0~ K0T s @, (K) 2~ )
with the diffusion current given in Eq. (61) and the heat current in Eq. (65).
Both currents are odd functions of the particle velocities, so the potentially
contributing mode pairs are again (S0, S—0d),qq and (Li, Dg). But
according to Eq.(79), the inner product of the diffusion current with
(@gsas_ ;)oaqa vanishes, and thus the sound modes make no contribution to
the tail of p,,(z). Then Egs. (85) reduce to

Prt)=py, ip(t)= Z Z BL; peR1i po(t)
i=1 ¢ (86)

Bliui,Do' (2 )djldﬁ[‘llxb aJ_zaDa][Jux9 aLzaDo']

including a factor of 2 arising from the interchange of the 1i and Do
subscripts, and with [J,,a,,a,,] given in Eq.(82). With the aid of
Eqgs. (55), (60), (65)—(67), (81), (B7) and (BS8) there results

/2
[ 02005, = 2 (1, = 4,00 o501 + 4, o]} K

[jzu goSo] = ['jes 80501 —h[Zo, Boso]
[ju7 goWol= [je> goWo ] —h[go, BoWol

Oegod=—|7(%57),. 3oz (o),

A Tiip) |1

[Je»gowo]— ! (6(ph/ﬁ)> 1
B.p

(87)

pBi., ow

[ju) goWol= (A—Tap)1

L
B,
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P

using also (0h/0p), ,, = —Tc,/B and (0h/ow)s ,=h= i — Tfir. Thus,
5 _ o)k { [ Al — T#r)}
[Jw aJ_iaDa] B (77+ _)
i Aw(ﬂj T.“T)}
fh,

With the aid of Eqgs. (37) and (46) this can be reduced to

‘)'(ﬁ//))l/2 TAIWEJJ
B,y —n_Yn,—4,) A, 4

[jua aap,]=

-

. A5
X(nJ_As_HTAS)<na_AW+H ) (88)

T

With use of this result, together with Eqgs. (47), (59), (82), and (83), in
Eqgs. (86) there results

d—1 c, T
Pl = e o ) L
o1, — Llufe, T, — fy Ly + AL3ujc, T)
2 89
L ot ) 717 (89)

With regard to the dilute limit behavior of p,,(f), one expects it to
vanish, since L,, vanishes in that limit. As given in Eq. (89), it is indeter-
minate, but can be shown to vanish by treating 4, L}? as a small quantity
and expanding 5, to first order.

KK K
6.1 il pii®). and pi®

Recalling that J, has no potential part, one sees that

pult)=p (1) + p10(1)

with p{?9)(¢) = p{?%)(#) = 0. The kinetic part is

piR(1) = Z Z Blfz[g;R_u,Da(t)
i=1 o (90)

Bl%5k = a_LiaDa'][J(uI;)a a,;ap,]

L1i, Do ™
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With use of Egs. (66), (70), (B7), and (B8) one obtains
a(B/p)'”
(e —n_)A4,
+ A/w[jf,K), gowo}} : Ru

[ji,"), a;;ap,]= {(’70“ Aw)[jff(), £050]

0
- ¢
[JLK)a goSol= E% 1 (91)

[j.(,K)a goWo]=0

a(Blp)"* (n,—4.) ok,

jLK)9a ia a]=
LIS avap B, —n)4,

in which the ideal-gas constant-pressure specific heat has been introduced
as in ref. 1,
o (d+2) ky(ND
’ 2pV
Then Eq. (90) can be reduced to
(d—1)c® LY, o

(KK) - P
Plu (’)“dﬂz(m—n_) c, g [4n(n +n,) t/p1%*

The cross term can be calculated from the preceding results as

POy =p (1) — pE)

6.2. Single-Primed Thermal Diffusivity
It follows from Eq. (32) that

Pult)=p (1) — fp (1)

which permits the asymptotic form of the correlation function to be
calculated from Eqs. (84) and (89) as

_ d—1 c, T
dﬁzﬁw(ﬂ+ _’7——) L,I’u
x Z J(na B LZu/cp T)(rla_ﬂlel/l B TﬂTL’llu/cp T)

. [4n(n +n,) t/p1"*

P1l?)
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In order to compare this result with that of Pomeau, one can use
Eqgs. (37), (46), and (47) to write it as
)= d—1 o
= B, —n ) % Tdn(n +1,) 1/p]7

i T,
<[E )+ (1.4 T2
I3

CP
x (L), + TarLi) — TﬁT”a:l

This agrees with Eq. (4.16b) in ref. 2, except for the overall sign.

6.3. Double-Primed Thermal Diffusivity
It follows from Eg. (33) that
1At = prt)—hp (1)
With use of Egs. (47), (84), and (89), this leads to

(d—1) ¥ o
dp*(n , — 71*) S [4n(n+n,) 1/p]*"*

Incidentally, this result shows that p7,(¢) has, at long times, a sign opposite
to that of L7,.

pLl1) =<

7. THERMAL CONDUCTIVITY

The potentially contributing mode pairs are again the odd parts of the
(So, S — o) pairs, and the (Li Do) pairs. Both types of pairs will be found
to give nonvanishing contributions to the long-time behavior of p, (1), and
so it is convenient to write

puu(t) = puu,SS(t) + puu,LD(t)

7.1. puu,SS(t)

For this case the mode-coupling formulas (76) become

puu SS(Z Z BSaS O'RSS(I)

B?;',S—JZWJ‘dﬁ[jux7 (aSo-aS~a)odd]2 (92)

Rys(1) =%F<g> (I,1)~ 4"
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With the aid of Eqgs. (65), (67), (77), (78), and (B9), one has

aff -
(x> (@555 ;) oda ] =E [J.. g pol" k

[ju’ 8o Pol= [jeﬁ 8o Pol —h[go> &0 Po]

. p aph/ﬁ> (93)
J.. gpsl=5——) 1
e, gopol ﬁ( op Jow

2 2
o p° (Oh pc
(3., J=—(—) 1="1
P p\e) T F
Finally, use of this last result in Eq. (92) gives

C2

puu,SS(t)xW (94)

711, pEKls, piX®s. and p{2®;. The kinetic part of p,, g is

1
PN =5 X BEEE  Reslt)
’ (95)
1 o
Bgz:;,lg‘lia = (27[)‘1'[ dR[JfAf)’ (aSaancr)odd]2

From Eqgs. (69) and (77) one finds

- aff 1
[Jgk)» (@505 ¢)odal :E {[Z Emiv?via goPoi]
d+2
_7 I:z Vis goPoJ} -k

i

With use of Egs. (66), (70), and (B9), and the thermodynamic relation
(0T/op),,,, = aTc*/pc,, this reduces to

ocaTc?

[j,(;K)a (@565 o)oda]l =— —F k
B <
Then Eq. (95) becomes
aTc\?
P = (S22 punsstt) (96)
p

822/57/3-4-19
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The cross term in p,, g¢ 1S
1
~ wuu, Ko
pialds(t) < 5 Y. BN Rss(1)
g

uu, K¢ _
So,8—a (27E)d

fdﬁ[jflf)a (@s0as—)oadl [jffi), (Assa5_)oad ]

Since J¥'=J,—J%, these quantities can be calculated in terms of the
previous results, to give

aTc® aTc®
()= T (1 ——-'f) P ssll) 97)
Cp Cp

In similar fashion, the potential term is

o T\ 2
(1) = ( I ——£> P ssll) (98)

Cp

7.2. p,, .o(t)

The shear and diffusion mode pairs give a contribution to p,,(¢) given
by

d—1
P, Lp(1) =< Z z B po R 11 pe(?)

i=1 @

uu 1 7
BJ_i,Da = (zn)dj dE[Jux) aJ_iaDa']2

including a factor of 2 arising from the permutation of the L/ and Do
subscripts. With use of Egs. (47), (59), and (88) in Eq. (99), one then finds

d—1 c, T\?
P, (t)‘A’A—<p,,T>
T AR (. —n )\ LY,
O-(r’a'—LZu/CpT)(no'_ﬂw ,1/1+ii lllu/cpT)z
XZ 4 a2
. [4n(n +n,) t/p]

7.21. p{f¥),. pik®),. and p{*),.  The kinetic part of p,, ;p is
given by

(99)

(100)

d—1
Plp()=< Y ¥ B EeR 1 pol1)
i=1 o
uu, KK 1 ﬁ T(K) 2
BJ_i,Da = (Zn)dJ. d [Jux 9 aJ.iaDrr]
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In similar fashion to the calculation of p,, |, one finds with the use of
Eq. (91)

S50 (s 4 D) Al€) ( )
e L0 dp*(n, —n_)

e}
L Lo, e+ 1) 71

(101)

The cross term p{f?), and potential term p{%¢), are most easily
calculated in indirect fashion, by noting that, since J¥' =3, — 3 one can

write

p£f¢J)_D(t) PLIJTJ?D() py,flj_)D(t)

KT KK (102)
p(u‘f((ﬁJ)_D(t) = puu,J_D(t) - piu,L)D(t) + pl(m,_l_)D(l)

in which

PLIu(TL)D Z Z BTI IL<)§RL1 polt)

Bufz lf)i ( n)"f dﬁ[jftf), auaz)a][juxa a,;ap,]

One then finds
J(na - QWL/lll + ﬁL/]’u/cp T)
[4n(n +n,) 1/p]1"

Praus Lo(1) =

(d—1)°T
ap*(n, — n_)g

(103)

7.3. Dilute Limit Reduction

In verifying that the present results reduce to those of Ernst et al.(!) in
the w— 0 limit, it is necessary to consider some differences in notation.
Their 2 is the present L.,/T, and they write

A= ETJ: ¢,(t) dt

whereas here
L=B[ pule)dr
0

Thus, the two correlation functions should in fact be identical:
Pu(t) =c;(t). Furthermore, under the assumptions regarding the dilute
limit detailed in Section 5, it can be shown that the three thermal conduc-
tivities L,,, L,,, and L;, become equal, and thus equal to T4 for the pure



na Wood

fluid. So it is to be expected that the present result for the long-time
behavior of p,,(¢) should reduce to that given in ref. 1 for ¢,(¢). In addition,
it should be noted that the three thermal diffusivities L,,, L},, and L{, all
approach zero, although not to the same order.*

With respect to the sound mode contributions, Egs. (94), (96), and
(98) agree exactly with the corresponding terms in Egs. (32a), (33a), (34a),
and (34c) of ref. 1. The cross term in Eq. (97) agrees with their Eq. (34b),
except for sign.’

Turning to the contributions of the shear and diffusion mode pairs, it
can be seen that p,, ,5(f) as given in Eq. (100) is indeterminate in the
dilute limit, since L7, -0 and 4, — L;,/c,T or ji,L],. By treating fi,L{;
as a small quantity and considering the terms of that order in the approach
of the n, to their limiting values, one can verify that Eq. (100) reduces to

_ d—1)c,T
" dB[4n(n+ Li/c,T) t/p]%?

puu,.LD([)

This agrees with the corresponding term in Eq. (32a) in ref. 1, note being
taken that their C, is per particle, rather than per unit mass. The kinetic
and potential contributions, and also the cross term except for a similar
sign error, can be likewise shown to reduce to the corresponding terms for
the pure fluid in their Egs. (34).

7.4. Single-Primed Thermal Conductivity
According to Eq. (32),

p:lu(t) = puu(t) - zﬁplu(t) + )‘32911([)

can be calculated from the previous results for the unprimed correlation
functions. With respect to the sound mode contributions, it has been seen
that those contributions to the asymptotic time dependence of p, (¢) and
p1:(2) vanish. Thus, p,, ss(?) = p.. ss(?) as given in Eq. (94).

The shear-diffusion contribution is found from Egs. (84), (89), and
(100) to be

d—1 c, T\?
Prua, (l)z—ﬁ—( p”T)
B —n )\ L1,
x Z 0—(7]0 - L:llu/cp T)(na _ﬁw Illl B TﬁTL/llu/cp T)2
- [4n(n+n,) t/p]1"

“It can be shown that if L}, = O(w), then L,,= O(w ln w).
1t can easily be seen that the sign in ref. 1 must be changed in order to satisfy the relation
K, _=KKK 1 2K% K%
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Upon comparing these results with those in Eq. (4.17b) of ref. 2, the
following differences are noted:

1. The first term in Pomeau’s equation should be the sound mode
contribution, as given in the present Eq. (94). Instead, it contains a factor
1/y, where y=c¢,/c,.

2. The shear-diffusion term again differs in overall sign, and in addi-
tion the minus sign in the factor (¢, — T/i3/4,) should be changed to plus.

7.5. Double-Primed Thermal Conductivity

The correlation function p;,(t) can be calculated from the unprimed
functions, according to Eq. (33), as

(1) = p(t) = 2hp (1) + FPp (1)

Once again, p,, ss(?) = p.. ss(t) as given in Eq. (94), while from Eqgs. (84),
(89), (100) one obtains

) _ (d—1)e,T o(n, — fi, L)
puu,LD(t) _dﬁz(n+ —’17) g [47'5(71 + ’10’) l‘/p]d/2

with use again of the last of Eqs. (47).

8. SHEAR VISCOSITY

The mode-coupling formula (76) for the shear viscosity correlation
function becomes, with the use of Egs. (71),

(AB)(I)V%Z BT AER,(1)
e (104)
BrAB _ Jdﬁ[ﬂ ) a,(k)a(—k)I[T), a,(k)a,(—k)]

uv 2 )d Xy
in which 4 and B=K or ¢. Since the shear viscosity current, as given in
Egs. (71), is even in the particle velocities, it follows from Table I that the
possibly contributing pairs of modes are (Do, Do’), (So, S —o0) and
(Li, L)).

From Eqgs. (60) it can be seen that [T E;;”, a Dt,a po] 18 a linear function
of the three inner products [TY, 5050, [T%, sowoel, and [TS), wow,].
According to Egs. (B11)-(B13), all of those products vanish (because
(T4’> =0), and therefore the (D, Do’) pairs make no contribution to the
long-time behavior of p,(¢). Then, symbolically,

PP =ptP (1) + pLAE)t)

even?
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8.1. Shear Mode Contributions
With use of Egs. (60), one finds®

[Tﬁ;;), aj_t(k) aLj(—k)] = —

= =

ZZELiaEJ.jB[T;/;)’ g(]a:g()ﬂ] (105)
a B

From the symmetry of the velocity distribution and translational
invariance, it can be seen that [T}, go, gos] =0, so that

PYEL(1) = piPD, (1)< 0

For A=K one has
1 I
[Txy > 0o gOﬂ] =I_/ Z Z Z mimjmlvm ]ﬂlevly
ioj o

with the overbar denoting the average over the equilibrium velocity dis-
tribution for a fixed number of particles. As in ref. 1, one can show that

1
Uiocvjﬁlevly = W 5i15j1(5ozxéﬂy + 5ocyéﬂx)
! (106)
p
[Ticf)a goa gO/i‘] = F (5ozx5ﬂy + 5azyéﬂx)

and thereby reduce Eq. (105) to

1
[T,(YI;), a_u(k) aLj("k)] = ,B (klzxkljy + kilykl/")

which is the same result as for a pure fluid.!Y) The angular integrations in
Eq. (104) are carried out as in ref. 1, and thus the result is the same as in
Eq. (33b) in ref. 1 for a pure fluid,

d’>—2
d(d+2) B*(8mnt/p)"?

pn,J_J_(l) = pS,KfJ)_(t) =

This also agrees with the corresponding term in Egq. (4.18) of ref. 2.

¢ The minus sign in Eq. (105) arises from taking E_Lj(—k) = —le(k)‘ It has no effect upon
the final results.
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8.2. Sound Mode Contributions
With use again of Egs. (60), one finds

[T(rl;)5 (aSa(k) s .. o( - k))even]

- 2'56 (l:T(A)» Popol+c’ ZZ [Ti’y'), 8oz 8op] lémléﬁ>

According to Eq. (B10), [T, popo]=0 for both A=K and A =4, and it
has already been noted that [T'%), g¢,£0s] =0. Thus again the cross and
potential terms vanish,

p K1) = p¥8L < 0

and it is left to consider, using again Eq. (106),

[Tif)ﬁ (aScr(k) a.S'fo'( _k))even] = féxiéy

™|

This then leads to
1
d(d+2) pX(4nl,1)?

Py, ss(t) =< P;KQ( )=

which agrees with the corresponding pure fluid result of Eq. (33b) in ref. 1
and also with the corresponding term in Eq. (4.18) of ref. 2.

8.3. Summary

As might be expected, the asymptotic time dependence of the shear
viscosity correlation function p, (1) is the same as for a pure fluid, with only
the kinetic terms being nonzero.

9. LONGITUDINAL AND BULK VISCOSITIES

The mode-coupling formula (76) for the longitudinal viscosity is
=3 L B0

[

B, = oo | dRLA 0,(K) a(—K)T

with the contributing mode pairs again being (Do, Do’), (56, S — 0).yens
and (Li, 1j).
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9.1. Shear Mode Contributions

The calculation of [ %, a,(k)a, ,(—k)] is carried out in the same
manner as in ref. 1, and with the same result

etk e (2
[f/,au(k)au(_k)]_—ﬁ[zkl’*k“" o <6e> :I

27~ - y—1
= ‘B[klixkljx‘méij]

The resulting long-time tail is therefore the same as in ref. 1 for the pure

fluid,
2d—-1)[d+1 vy—1 -1\?
prLa(t)= ( Tk )[ 2 +d<y ) :I(Snvl)_d/z

d d+2 oT 20T

9.2. Sound Mode Contributions

The required inner product is

[jl’ (aSa(k) as_ d( - k))even]

2pc <[f/’ PoPol+ ¢ ZZ ﬁ[/z, 8ox go;z])

with the pure fluid result for the last term

d
LA 8ox &opl = 5aﬁﬁ2|:25 (ai) J

having been found in the course of the calculation of the shear-mode
contribution.

In calculating inner products such as [ ¢, po pol, two points should
be kept in mind, both relating to % not being a purely microscopic
quantity, so that one must first use either of Eqs. (74).

1. As noted in both refs. 1 and 2, considerable labor can be avoided
by noting that, because of (a) the form of the first of Egs. (74), (b) the fact
that (T,.>=pV, and (c) the chain rule, terms involving first-order
derivatives of a in Eqgs. (B10)-(B13) will cancel. Thus, only the leading
second-order derivative terms need to be considered.

2. Caution is needed if the second of Egs.(74) is used, because
Egs. (B11)-(B13) are not valid for as=w,. [Somewhat by accident,
Eq. (B10) happens to give the correct result in that case.] One must in
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general first use Eq. (123) to evaluate [wq, wowg], [wg, SoWg ], etc.; but
there are then first-order derivatives in the latter quantities which do not
cancel with corresponding terms in [eg, wowo], [po, WoWwol, etc. In
practice, it seemed to me easier to use the first of Eqgs. (74), since ey, 019,
and p,, are all properly microscopic quantities.

For [ 4, poPo] one finds the same result as for a pure fluid,

_C 2 (0e) v
o= |2, o

Thus, the sound-mode contribution is the same as found in ref. 1,
1 ([p/[odc y—1 17 2(d-1)} 4
Hx—<=t=] - - ot (4rl )"

nss =g | 5(5), Sl e e

9.3. Diffusion Mode Contributions
With the aid of Egs. (60), one finds

7

g0
AUAU'(’?+ -
+A,w(110+na'_2Aw)[<f/: S0W0]+A\’4)2[j[a WOWO:I} (107)

[jl’ aDaaDa’] = " )2 {(i’]a - Aw)(rla’ - Aw)l:fl! SOSO]

Since this is independent of k, Eqgs. (76) reduce to

1
PLon(t) =<3 Y. [4n(n,+n,)t/p1" 7 [ A, apoap,1? (108)

oo’

The inner products appearing in Eq. (107) can be computed as out-
lined in the preceding subsection, with the following results:

—1[/dp 9% op %p,
i) (5, (). (5
[ o pzﬁz ae pw 6#2 T,p 6p1 e,py 6#2 T,p
7)., (5),.]
+l5 " . 109
(apﬁZ e, py 8#2 T,p ( )
(@), L&), (), (&)
~opz\ae ), w2 ), )\ ),
(&), ),,] a1
p\ow/, ,\ow/r,
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_—1T[(dp 0% op %p,
LAir sowol = 72 [(&z) <0Tﬁﬁ)p * (ap> <5T0ﬂ)p

). 750,
(o : 11)
(ap2 e, pl aTa]l ¥4 (

(&), [Gre), 2 GA)]
dp),wl\0Tow/, a,\ow*/;,
170 ir{0
@) G, ),
p w PP W p’w w T.p
—1[/op 0% op *p,
essil= | (), (), +(6).,, ()
PRt p2p2 \de ), \OT? ), \8p1)ep, \OT?/,
op 0’ps
+<a_p2>e,m<aT2)p“&j| (113)
=1 /(op d% de d%p
~ 2B\ de oT?), . \op oT?) .
pow pafi pw Pt
G, 2 )
~(= 20 () (2 (114)
<6w oo LNOT?/ 1 0T ), s \0T/ , 4
7 (5), MG, 2 ()
=——{= = +2wg | ——
p’T*\de/, ., 0B/ o P\ op ow »
0% de o%p
2 [ — — .
#i(55),,1- (), L (G#),.
0%p (0
”W”(aﬂaw)ﬁw"(a'ﬁ)mj
de op ap
G (%> [(6/3) v (aw>ﬁ,p} (1)

In these equations wy;= —jiz/fi,. For each of the three inner products, the
first form agrees with the expressions in ref. 2, Egs. (C2)-(C4), but the
second form contains terms which are missing in ref. 2, Egs. (C6a)—(Cé6c).
The last form in each case is useful in isolating the divergent fi, factors
when examining the behavior in the dilute limit; there is no corresponding
result in ref. 2 for [ %, s¢s01-
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I was not able to verify the reduction of Eq. (108) to the form given
in ref. 2, Egs. (4.19), (4.20c), (4.21a)—(4.21c). No great simplification seems
to occur over simply leaving the result in the form of Egs. (107) and (108).

With regard to the dilute limit reduction, it has already been noted
that the shear and sound mode contributions have the same form as for the
pure fluid. Thus, only the diffusion mode contributions need further discus-
sion. One can show, under the same assumptions as earlier, that when
[ 4, ap.aps ] as given in Eq. (107) is squared and inserted in Eq. (108), all
the terms approach zero as w — 0 except for the particular term containing
(%, S0801% for which o =0’ such that n,— L/, /c,T. That term reduces to
the result

__ -1y [ 1<6a> I (@c,, ]z
pl,DD(t)AQ'BZ(gnDTZ)d/Z 1+a2 oT now (XCP oT oW

given for the pure fluid in ref. 1, with D=L, /pc,T.

9.4. Bulk Viscosity and Kinetic, Potential, and Cross Terms

As already noted, the long-time behavior of the time-correlation func-
tion p,(t) for the bulk viscosity can be calculated from the previously given
results for p,(f) and p,(¢), with use of Eq. (21).

With respect to the breakdown of p,(¢) into its kinetic, potential, and
cross-term contributions, it has been noted in ref. I that the appropriate
definition of the kinetic part of the Green—Kubo current for the bulk
viscosity is # £ =0, with the consequences that p#” =p, and p[*=pf* =0.
It then follows from Eq. (21) that pX¥, p#’, and p¥? can be calculated from

the expressions already given for p,, pi%, p%, and p*.

APPENDIX A. BINARY INNER PRODUCTS [a,, b,]

This Appendix follows ref. 1 closely in generalizing to the case of a
binary mixture their expressions for inner products having the form
[ay, bol, under the following assumptions. Let 4 be an extensive phase
function of the form 4 = A(r", p")=3,a;, with the proviso that g, is a
phase function, such as e,, which depends upon microscopic variables only.
That is, the function a, must not contain ensemble parameters such as B, u,,
or V, or ensemble averages such as p, e, w, etc. For the sake of brevity, let
such a quantity a,, and its associated quantities 4 and q;, be called
“microscopic.” Let (4) be the corresponding average extensive quantity,
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and a= {A)/V the corresponding average intensive density. The local
microscopic fluctuation in « is then

da(r, 1)=Y a,6[r(t)—r]—a (A1)

z

with the Fourier component

ay =Y, a;exp(—ik-r;)—aVdy, (A2)

Then the zero-wavenumber Fourier component is
ag=A—<{A4> (A3)

which is just the fluctuation of the extensive function 4 from its equilibrium
average. Finally, let B, b,, and b correspond to another function of the
same microscopic type. Note that the Fourier components g, ok, €k, and
g, are all of this kind. [In the case of p,,, one would include in the sum
in Eq. (A2) a factor equal to one if particle i is of type @, and equal to zero
otherwise. ]

The grand canonical average is

1
4=

(&3]

- - - N a N N N N
DY (H %)jdr [ av® exp(—p) A, p")

a=1

—
=

in which v,=fp, and Z is the grand partition function, equal to the same
double sum with the factor A(r”, p") omitted. A standard calculation then
yields the well-known fluctuation relation

6a> 1
2l = A= LHDNA- A (A4)
<aﬁ v, V2 V

Now, since # =3 e,, it is seen from Eq. (A3) that eq=# — (# ) and
a,=A— {A). Furthermore, all the k =0 Fourier components are real, and
thus Eq. (119) reduces to

0
[do, €01 = [eg, ag]l= — (5%> (AS)

giving the inner product in terms of a thermodynamic quantity.
In analogous fashion one finds

da
[puos 0] = (r)B (A6)
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in which the subscript v/, indicates the constancy of v, if a=1, etc.
(Perhaps it should be mentioned that the subscript a refers to species q,
while the function a= {4 )>/V.) Summing over the two species gives

oand=(57) +(5)
Por do Mi)pgn \0v2/p,

=P Qﬁ) A
ﬁ(ﬁp o (A7)

In order to obtain an expression for an inner product like [wy, 4], in
which

Wo= (P10~ Wpo)/p (A8)

contains the average quantities w and p, and so does not satisfy the
prescribed conditions for our general functions a and b, one simply writes

(o, do] =~ [10s 0]~ [os o] (A9)
p p

Then Egs. (A6) and (A7) give

[voran) = | (1-) (6—) w (a—") | (A10)
0 N/ g v/ v,
By standard thermodynamic manipulations, one can show that
Oa < oa > 1 <0a>
1—-w)|— —w|— =\ — (A11)
( ) (avl>ﬂ,v2 av2 B.vy ﬁ.uw aW B.p
where, as earlier, fi, = (0fi/0w)r. ,. Thus,
1 da
[wo, a }z—A(—) (A12)
O B, \aw/ g,

Next, consider the problem of calculating inner products such as
Leo, ab], [Pao» @0)s Lpo>ap), and [wy, ag] for a Fourier component ag
which is not microscopic, but which can be expressed in terms of the
Fourier components p.q, p., and e,. Note that p, and s,, as given in
Eqgs. (53) and (54) [see also (A8)], are of this type. The intensive variables
p1, P2, and e can be taken as independent variables specifying the value of
any other intensive thermodynamic variable. Thus, the fluctuation éa’ can
be written as

oa’ oa’ da’
sai=(55) eor(3m) o +(5) s an
apl p2,€ & 5,02 p1€ P2 de pL:P2 ( )
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and its Fourier component as

da’ oa’ oa’
ag={— +|— Pt <——> e (Al4)
¢ (apl)pz,e Pro <ap2>p1,e 2 ae P1.P2 °

Then, with use of Eqs. (A5) and (A6), one has, for example,

oa’ da’
Lap, 0] = (——) (10, €0)] + (—) (920, €01
apl p1.€ apz pl1.€

+ (%%)pl’pz [eos e0]
oa’' dp, oa' 0p,
(&), (@), G, ).
da’ e
(3),..5)..

da’
-(%)... 1)

in which the last step follows from the chain rule. But this is just the result
obtained by ignoring the fact that @ did not satisfy our original
microscopic assumption, and applying Eq. (AS5) directly. Similar results are
found for [ag, puol, [ab, pol, and [ag, wy]. Thus, Egs. (A5)-(A7) and
(A12) can be used for any intensive thermodynamic variable a and the
corresponding a,. In particular, Eq. (A12) gives directly the relation

1
0s Wol=72— A16
[wos wol B (Al6)

w

With use of the preceding results and standard thermodynamic
manipulations, one can then obtain the following formulas, valid for any
intensive thermodynamic function a:

0

onr-H(8) 4 (3
00 pT aﬂ oW :Bpﬁw aW B.p

—-1/0
).
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with the special cases

LPos Pol =P02/ﬁ (A19)
[Pos Sod= [P0, wo]1=0 (A20)
L5y, 801 = K8 Hr_ (A21)
Bok.,
[0, wol= — A (A22)
Bri,

APPENDIX B. TERNARY INNER PRODUCTS [a,. boCol

Inner products containing three zero-wavenumber factors of the
microscopic form given in Eq. (A3) can be written as

1
Lao, bocol = [agbo, ¢o] =I—/ (6,4050¢)

1
ZT/ [{d450c) — <5A5c><B> - <535c><A >
(B1)
where § , = A — (A, etc., and the order of the factors in the inner product
is immaterial since the zero-wavenumber Fourier components are real
Each of the three terms on the right side contains a binary fluctuation
factor of the form {(d,6.> with D= AB, A, and B, respectively. Let us
suppose that the function C has the property that
KD>
e

where . is one of the ensemble parameters. In Appendix A it has already
been seen that this is so for the cases

C=°#’ CC=—ﬂ

C=Maa fc:"a
Then Eq. (B1) becomes

{0pdc) = (B2)

0{AB 0<A
Lan, o] = (S22 — <y S22 () 52
C C C
1 0
I_/E?(<AB> (A5<B>)

0Lav, bo]
Vaé (B=(BY)) ===
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In this way an inner product of three microscopic factors, at least one of
which is of the type just assumed for ¢,, can be expressed in terms of a
derivative of the inner product of the other two factors. Thus, one obtains
the following relations:

Lon, boea = —(2%57d) (B4)
Lao, Bopao] = (‘3[““ "]) (BS)
Lag, bopo] = ( L4 °]) (M—b"—]—) (B6)
ov, Bva ov, £y,
p

(5[610, 0])
_ﬁ 5p B. i

One can use these results, together with Eqgs. (53), (54), and (A8), to obtain
in addition

1 (0ag,by]
Can, bowe] = o (H02) (87)

L a[ao,b0]> .uT {6[00, 0]
pT< B )pw Pein\ ow )ﬂ,p (B%)

_ (6[%, 0]>
pT aﬁ PR

dlay, 0])

[aOa b0s0] = -

2 (B9)

ag, b =2 <
Lao, bo Po] B
Note the formal similarity of Egs. (B4)-(B9) to the corresponding
Egs. (AS)-(A7), (A12), (A17), and (A18). However, it must be emphasized
that Egs. (B4)-(B9) are in general valid only for quantities a, and b, which
are microscopic.
One can in addition obtain the following relations, valid for
MiCroscopic dy:

[ I A AN
aw porod =5 (5 ) (ap><aﬁ>
2%, da 0%, oa
~<592)s,w<5v—1)ﬁ,vz_<0p2)s,w(6_v2>ﬂ,vj (BI0)
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92 0
[a07 W0W0] = 2B2 |:< ﬂa) 6 p + ,11pw <-a_a>ﬂ#jl (Bll)
d%a

— ks 1/8 pTiir (da
[ao, sowe] = [( ) ——(—J = (—) ] B12
o sl =" \apan), 5\aa),, T B \op)n,l (BY
nsi=idal (59, 5(2), (2
oo p2T2 op? P ﬂ d p-fi 6[7 B.a
i (a9),, 50,
L = B13
pﬁﬂw d p,ﬁ’a B.p ( )
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